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, Akahira and Takeuchi [AT95] ,
.
$Z_{1},$ $Z_{2},$
$\ldots$ , $Z_{n},$ $\ldots$ , Lebesgue




, $\lim_{zarrow\alpha+0}g(z)=c(>0),$ $\lim_{zarrow\beta-0}g(z)=d$ (>0), $\lim_{zarrow\alpha+0}g’(z)=h$ ,
$\lim_{zarrow\beta-0}g’(z)=h’(>0)$ . $Z(1):= \min_{1\leq i\leq n}Z$i, $Z(n):= \max_{1\leq i\leq \mathrm{n}}Z$i ,
$U:=n(Z(1)-\alpha-\theta),$ $V:=n(Z(n)-\beta-$ , (Akahira [A91],
[AT95] $)$ .
1. $(U, V)$ (joint(j.))p.d.f. $g_{U,V}^{(n)}$ (u, $v$ ) , $narrow\infty$ .
$g_{U,V}^{(n)}(u, v)=\{$
$\exp\{-(uc-vd)\}[cd+\frac{1}{n}\{- cc’+cc’(2(uc-vc’)-(\frac{hu^{2}}{2}-\frac{h’v^{2}}{2})$
$- \frac{1}{2}(uc-vc’)^{2})+huc’$ $+h’vc \}]+o(\frac{1}{n})$ $(v<0<u)$ ,
0( ).
(2.1)






. , $G(x)= \int_{-\infty}^{x}g$(u)du . $g$ (x) $C^{2}$ , $\alpha$




$\ldots$ , p.d.f. $f((x-\theta)/\xi)/\xi$





$*1f$ $(-a, a)$ , (midrange) $\theta$ .
183
. , $Y_{i}=(X_{i}-\theta)/\xi$ (i $\geq 1$ ) , $Y_{1},$ $Y$2, . . . , $Y_{n},$ . . , ,
p.d.f. $f$ (y) . $Y_{(1)}:= \min_{1\leq i\leq n}Y$i, $Y_{(n)}:= \max_{1\leq i\leq n}Y$i ,





. , $S,$ $T$ (as. marginal(m.))p.d.f. ,
$g_{S}(s)= \frac{2cc’}{c+d}\cross\{$

















. , $0<\alpha<1$ , $n_{0}(\geq 2)$ . , $M_{n}$ :=
$(X_{(1)}+X_{(n)})/2$ , $n:=X_{(n)}-X_{(1)}(n\geq 1)$ , .
1([AK04]). $\tau_{1}$ , $(\tau_{1}, [M_{\tau_{1}}-d, M_{\tau_{1}}+d])$
(i) $\lim_{darrow 0+}P\{|M_{\tau_{1}}-\theta|\leq d$) $=1-\alpha$ ( ).
(ii) $\tau_{1}/n^{*}arrow 1\mathrm{a}.\mathrm{s}.(darrow 0+)$ .
(iii) $E(\tau_{1})/n^{*}arrow 1(darrow 0+)$ .
, $n^{*}=(\log\alpha)/(\log(1-(2d/\xi)))$ , $\xi$ .
184
.
, 2 p.d.f. $f$ . $0<\alpha<1$ $\alpha$
,
$\frac{c+c}{cc’},\alpha=\frac{e^{-2d}}{c}+\frac{e^{-2c’l}}{d}$





. , $”\approx$” $n|M_{n}-\theta|/\xi$ .
$(1-\alpha)$ , $n$
$\alpha=\frac{cd}{c+d}(\frac{e^{-2cnd/\xi}}{c}+\frac{e^{-2c’nd/\xi}}{c’}$)
$n=n^{**}$ . $l_{0}$ , $n^{**}=l_{0}\xi/d$
. ,
$\tau_{2}=\tau(\frac{2ad}{l_{0}}):=\inf\{n\geq n_{0}|\frac{R_{n}}{n-1}\leq\frac{2ad}{l_{0}}\}$ (3.1)
, , $n_{0}(\geq 2)$ . , .
2. $(\tau_{2}, [M_{\tau_{2}}-d, M;+d])$
(i) $\lim_{darrow 0+}P\{|M_{\tau_{2}}-\theta|\leq d$) $=1-\alpha$ ( ).
(ii) $\tau_{2}/n^{**}arrow 1\mathrm{a}.\mathrm{s}.(darrow 0+)$ .
(iii) $E(\tau_{2})/n^{\mathit{0}}arrow 1(darrow 0+)$ .




‘ , $S=n(M_{n}-\theta)/\xi$ as. p.d.f. (2.3) , Anscombe




. , $darrow 0+$ , $d\tau_{2}/\xi^{\mathrm{a}.\mathrm{s}}arrow.l$0 ,
$\lim_{darrow 0+}P\{|M_{\tau_{2}}-\theta|\leq d\}=\lim_{darrow 0+}P\{\tau_{2}|M_{72}-\theta|/\xi\leq d\tau_{2}/\xi\}$




. as $darrow 0+$ .
(iii)[CR65] Lemma 2 . .
. , $c=c’$ , $l_{0}=-(\log\alpha)/(2c),$ $n^{**}=-$ ( $\xi 1$og $\alpha$ ) $/(2cd)$ ,
$\tau_{2}=\inf\{n\geq n_{0}|\frac{R_{n}}{n-1}\leq-\frac{4acd}{1\mathrm{o}\mathrm{g}\alpha}\}$
.
Chow and Robbins [CR65] , $\mu$ , $\sigma^{2}$
, $\mu$ . ,
$\ovalbox{\tt\small REJECT}_{n}:=\sum_{i=1}^{n}X_{i}/n,$ $s_{n}^{2}= \sum_{i=1}^{n}(X_{i}-\overline{X}_{n})^{2}/(n-1)$ , $\tau_{3}$
$\tau_{3}:=$ inf $\{n\geq n_{0}|n\geq u_{\alpha/2}^{2}d^{-2}s_{n}^{2}\}$
, , $u_{\alpha/2}$ $\alpha/2$ , $n_{0}(\geq 2)$ .
, .
3([CR65]). $\tau_{3}$ , $(\tau_{3}, [\overline{X}_{\tau_{3}}-d,\overline{X}_{\tau_{3}}+d])$
c
(i) $\lim_{darrow 0+}P\{|\overline{X}_{\tau_{3}}-\theta|\leq d$ ) $=1-\alpha$ ( ).
(ii) $\tau_{3}/n^{***\{}1\mathrm{a}.(darrow 0+)$ .
(iii) $E(\tau_{3})/n^{***}arrow 1(darrow 0+)$ .
, $n^{***}=u_{\alpha/2}^{2}\sigma^{2}/d^{2}$ , $\sigma^{2}$
.
.
1, 2, 3 , $darrow 0+$
$\mathrm{o}\approx\frac{1\mathrm{o}\mathrm{g}\alpha}{\log(1-(2d/\xi))}\approx\frac{-\xi 1\mathrm{o}\mathrm{g}\alpha}{2d}$, $\tau_{2}\approx l_{0}\xi/d$, $\tau_{3}\approx u_{\alpha}^{2}$,2 $\sigma^{2}$/d2
188
, $\tau_{1}/\tau_{3},$ $\tau_{2}/\tau_{3}arrow 0(darrow 0+)$ . , $\tau_{1},$ $\tau_{2}$ , $\tau_{3}$
.
4. 0
2, 3 , p.d.f. 0 ,
Chow-Robbins $\tau_{1},$ $\tau_{2}$ , ,
p.d.f. 0 . $Z_{1},$ $Z_{2},$ $\ldots,$ $Z_{n},$ $\ldots$ ,
Lebesgue p.d.f. $f(z-$ . , $\theta\in \mathbb{R},$ $f$ (x)
$C^{p+1}$ , $x=\alpha,$ $\beta$ $(p-1)$ 0,
$f(x)= \frac{c}{p!}(x-\alpha)\mathrm{P}+\frac{f^{(p+1)}(\eta_{1})}{p!}(x-\alpha)^{p+1}$ $(\alpha<\eta_{1}<x)$ ,
$f(x)= \frac{d}{p!}arrow-\beta)^{p}+\frac{f^{(p+1)}(\eta_{2})}{p!}(x-\beta)^{p+1}$ $(x<\eta_{2}<\beta)$
Taylor . , $p\geq 1$ , $c:=f^{(p)}(\alpha),$ $d:=f^{(p)}(\beta)$ 0
. , $U:=n^{1/(p+1)}(Z(1)-\alpha-\theta),$ $V:=n^{1/(p+1)}(Z(n)-\beta-$ ,
1 , .
2. (U, $V$ ) j.p.d.f. $g_{U,V}^{(n)}$ (u, $v$ ) , $narrow\infty$
$\ovalbox{\tt\small REJECT}(u, v)arrow\{$




, $U$ $V$ , $(p+1,$ $\{(p+0!/c\}^{1/\omega+1)})$





$\ldots$ , p.d.f. $f((x-\theta)/\xi)/\xi$
. , $\theta\in \mathbb{R},$ $\xi$ >0, $f$ $(-a, a)$ .




p.d.f. $f(y)$ . , $Y(1):= \min_{1\leq i\leq n}Y$i, $Y(n):= \max_{1\leq i\leq n}\mathrm{y}$ , $S:=$
$n^{1/(p+1)}(Y_{(1)}+Y(n))/2,$ $T:=n^{1/(p+1)}(Y(1)-Y(n)+2a)$ , $(S, T)$ as. j.p.d.f., $S,$ $T$





$P\{|M_{n}-\theta|\leq d\}=$P{n1/(p $+1$ ) $|$M$n-\theta|$ /$\xi\leq dn^{1/(p+1)}/\xi$ }
$\approx\int_{-dn^{1/(p+1)/\xi}}^{dn^{1/(p+1\rangle}/\xi}g_{S}(s)ds$





. , $n_{0}(\geq 2)$ . .
4. $(\tau_{4}, [M_{\tau_{4}}-d, M_{\tau_{4}}+d])$ .
(i) $\lim_{darrow 0+}P\{|M_{\tau_{4}}-\theta|\leq d$) $=1-\alpha$ ( ).
(ii) $\tau_{4}/n^{****}arrow 1\mathrm{a}.\mathrm{s}.(darrow 0+)$ .
(iii) $E$ (\mbox{\boldmath $\tau$}4/n0 \rightarrow l $(darrow 0+)$ .
. (i) 2 . , (ii) , 2
$(\tau_{4}/n^{****})^{1/(p+1)\mathrm{a}.\mathrm{s}}arrow.1$ $(darrow 0+)$
, $(p+1)$ .
(iii) (ii) , Fatou ,
$\lim \mathrm{i}\mathrm{n}darrow 0+$f $\frac{E(\tau_{4})}{n}****\geq E$ ($d\mathrm{l}\mathrm{i}\mathrm{m}\mathrm{i}\mathrm{n}arrow 0+$ f $\frac{\tau_{4}}{n}$)$****=1$ (4.1)









. (4.1), (4.3) (iii) .
4 , $(\tau_{4}, [M_{\tau_{4}}-d, M_{\tau_{4}}+d])$ ,
3 , $darrow 0+$
$\tau 4\approx(l_{0}\xi/d)^{p+1}$ , $\tau_{3}\approx u_{\alpha/2}^{2}\sigma^{2}/d^{2}$
. $p\geq 1$ , $\tau_{3}/\tau_{4}=O(1)$ ($p=1$ ) $\tau_{3}/\tau_{4}=o(1)$ ($p>1$ )
$(darrow 0+)$ . , $\tau_{4}$ , $\tau_{3}$ .
, p.d.f. $(p-1)$ 0 , $\langle$ $p$
0 , , $\langle$ 0
, $n^{\gamma}(X(1)-a$ $n^{\delta}(X(n)-b$ $\gamma,$ $\delta$
, (midrange) $M_{n}$ .
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